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Introduction
All groups considered here will be finite. Through G, p and X we always denote here respectively
a finite group, a prime and a class of groups.
One of the directions in the modern group theory is to construct classes of groups and
study the properties of all groups in such class (formation, Fitting class, Schunk class
and etc.)
Recall that a formation is a class X of groups with the following properties: (a) every
homomorphic image of an X-group is an X-group, and (b) if G/M and G/N are X-groups, then
also G/(M ∩N) ∈ X.
One of the main classes of formations is the class of local formations. Recall that a function
of the form f : P → {formations} is called a formation function and a formation F is called
local [1, IV, 3.1] if
F = (G |G/CG(H) ∈ f(p) for every p ∈ pi(H) and every chief factor H of G)
for some formation function f . In this case f is called a local definition of F. By the Gaschu¨tz-
Lubeseder-Schmid theorem, a formation is local if and only if it is non-empty and saturated,
i.e. from G/Φ(G) ∈ F it follows that G ∈ F where Φ(G) is the Frattini subgroup of G. The
classes of all unit E, nilpotent N, metanilpotent N2, supersoluble U and soluble groups S are
examples of local formations.
The most applications of local formations are in the theory of soluble groups. Let us mention
another interesting class of formations of soluble groups. Let N be a chief factor of G. Then
N = N 1 × · · · × Nn where N i are isomorphic simple groups. The number n = r(N,G) is the
rank of N in G. A rank function R [1, VII, 2.3] is a map which associates with each prime p a
set R(p) of natural numbers. For each rank function let
E(R) = (G ∈ S | for all p ∈ P each p-chief factor of G has rank in R(p)).
Note that E(R) is a formation. Heineken [2] and Harman [3] characterized all rank functions
R for which E(R) is local. Analogues questions for formations not of full characteristic were
studied by Huppert [4], Kohler [5] and Harman [2]. Haberl and Heineken [6] characterized all
rank functions R for which E(R) is a Fitting formation.
A function of the form f : P ∪ {0} → {formations} is called a composition definition.
Recall [7, p. 4] that a formation F is called composition or Baer-local if
1
F = (G |G/GS ∈ f(0) and G/CG(H) ∈ f(p) for every abelian p-chief factor H of G)
for some composition definition f . A formation is composition (Baer-local) [1, IV, 4.17] if and
only if it is solubly saturated, i.e. from G/Φ(GS) ∈ F it follows that G ∈ F, where GS is the
soluble radical of G.
Note that a local formation is a composition formation. The converse is false. An example of
nonlocal composition formation is the class of all quasinilpotent groups N∗ that was introduced
by Bender [9].
Recall that a chief factorH of G is called X-central in G provided H⋊G/CG(H) ∈ X (see [8,
p. 127–128]), otherwise it is called X-eccentric. The symbol ZX(G) denotes the X-hypercenter
of G, that is, the largest normal subgroup of G such that every chief factor H of G below it is
X-central. If X = N is the class of all nilpotent groups, then ZN(G) = Z∞(G) is the hypercenter
of G. If F is a composition formation, then by [7, 1, 2.6]
F = (G |ZF(G) = G).
The general definition of a composition formation F gives little information about the action
of an F-group G on its non-abelian chief factors. Therefore several families of composition
formations were introduced by giving additional information about the action of an F-group on
its non-abelian chief factors. For example, in [10, 11] Guo and Skiba introduced the class F∗ of
quasi-F-groups for a saturated formation F:
F∗ = (G | for every F-eccentric chief factor H and every x ∈ G, x induces an inner
automorphism on H).
If N ⊆ F is a normally hereditary saturated formation, then F∗ is a normally hereditary solubly
saturated formation by [10, Theorem 2.6].
Another example of a nonlocal composition formation is the class of all c-supersoluble groups
that was introduced by Vedernikov in [12]. Recall that a group is called c-supersoluble (SC-
group in the terminology of Robinson [13]) if every its chief factor is a simple group. The
products of c-supersoluble groups were studied in [14, 15, 16, 17, 18]. According to [19], a
group G is called Jc-supersoluble if every chief J-factor of G is a simple group, where J is a
class of simple groups. In [19] the same idea was applied for some other classes of groups. The
products and properties of such groups were studied in [19, 20].
In [21] the class Fca of ca-F-groups was introduced:
Fca = (G | abelian chief factors of G are F-central and other chief factors are simple groups).
The class Fca was studied in [21, 22], where F is a saturated formation. In particular it is a
composition formation.
In this paper we generalize constructions of quasi-F-groups, ca-F-groups, Jc-supersoluble
groups and groups defined by the rank function in the sense of the following definition.
Definition 1. (1) A generalized rank function R is a map defined on direct products of iso-
morphic simple groups by
(a) R associates with each simple group S a pair R(S) = (AR(S), BR(S)) of possibly empty
disjoint sets AR(S) and BR(S) of natural numbers.
(b) If N is the direct products of simple isomorphic to S groups, then R(N) = R(S).
(2) Let N be a chief factor of G. We shall say that a generalized rank of N in G lies in
R(N) (briefly gr(N,G) ∈ R(N)) if r(N,G) ∈ AR(N) or r(N,G) ∈ BR(N) and if some x ∈ G
fixes a composition factor H/K of N (i.e. H
x
= H and K
x
= K), then x induces an inner
automorphism on it.
(3) With each generalized rank function R and a class of groups X we associate a class
X(R) = (G |H 6∈ X and gr(H,G) ∈ R(H) for every X-eccentric chief factor H of G)
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Example 1. A lot of above mentioned formations can be described with the help of our
construction:
1. Let E = (1). Assume that R(H) = ({1}, ∅) if H is abelian and R(H) = (∅, ∅) otherwise.
Then E(R) = U.
2. If R(H) ≡ ({1}, ∅), then E(R) is the class Uc of all c-supersoluble groups.
3. Let J be a class of simple groups. If R(H) ≡ ({1}, ∅) for H ∈ J and R(H) = (N, ∅)
otherwise, then E(R) is the class of all Jc-supersoluble groups.
4. Assume that R(H) = (AR(H), ∅) if H is abelian and R(H) = (∅, ∅) otherwise. Then R
is a rank function.
5. Let R(H) = (∅, {1}) if H is abelian and R(H) = (∅, ∅) otherwise. Then E(R) = N.
6. If R(H) ≡ (∅, {1}), then E(R) = N∗.
7. Assume that R(H) = (∅, {1}) if H is abelian and R(H) = ({1}, ∅) otherwise. Then
E(R) = Nca.
8. Let N ⊆ F be a normally hereditary saturated formation. If R(H) ≡ (∅, {1}), then
F(R) = F∗ (see the proof of Corollary 1.3).
9. Let F ⊆ S be a normally hereditary saturated formation, R(H) = (∅, ∅) for abelian
H 6∈ F and R(H) = ({1}, ∅) for non-abelian H . Then F(R) = Fca.
Recall that a subgroup U of G is called X-maximal in G provided that (a) U ∈ X, and (b) if
U ≤ V ≤ G and V ∈ X, then U = V [1, p. 288]. The symbol IntX(G) denotes the intersection
of all X-maximal subgroups of G.
Note that the intersection of maximal abelian subgroups ofG is the center ofG. According to
Baer [23], the intersection of maximal nilpotent subgroups ofG coincides with the hypercenter of
G. In [24, Example 5.17] it was shown that the intersection of maximal supersoluble subgroups
of G does not necessary coincide with the supersoluble hypercenter of G. Shemetkov possed
the following question on Gomel Algebraic seminar in 1995:
Question 1. For what non-empty normally hereditary solubly saturated formations X do the
equality IntX(G) = ZX(G) hold for every group G?
The solution to this question for hereditary saturated formations was obtained by Skiba in
[24, 25] (for the soluble case, see also Beidleman and Heineken [26]) and for the class of all
quasi-F-groups, where F is a hereditary saturated formation, was given in [27]. In particular,
the intersection of maximal quasinilpotent subgroups is the quasinilpotent hypercenter. The
aim of this paper is to give the answer on this question for F(R).
Preliminaries
The notation and terminology agree with the books [1, 7]. We refer the reader to these books
for the results on formations. Recall that GF is the F-residual of G for a formation F; GS is
the soluble radical of G; F˜(G) is defined by F˜(G)/Φ(G) = Soc(G/Φ(G)); pi(G) is the set of all
prime divisors of G; pi(X) = ∪
G∈X
pi(G); NpF = (G |G/Op(G) ∈ F) is a formation for a formation
F; G is called s-critical for X if all proper subgroups of G are X-groups and G 6∈ X; AutG, InnG
and OutG are respectively groups of all, inner and outer automorphisms of G; EX is the class
of groups all whose composition factors are X-groups; N ≀ Sn is the natural wreath product of
N and the symmetric group Sn of degree n.
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1 Main Results
1.1 The canonical composition definition of F(R)
Recall that any nonempty composition formation F has an unique composition definition F
such that F (p) = NpF (p) ⊆ F for all primes p and F (0) = F (see [7, 1, 1.6]). In this case F is
called the canonical composition definition of F. We shall say that a generalized rank function
R is (resp. very) good if for any simple group S holds:
(a) from a ∈ AR(S) it follows that b ∈ AR(S) for any natural b|a (resp. b ≤ a);
(b) from a ∈ BR(S) it follows that b ∈ AR(S)∪BR(S) (resp.b ∈ BR(S)) for any natural b|a
(resp. b ≤ a).
Theorem 1. Let N ⊆ F be a composition formation with the canonical composition definition
F and R be a generalized rank function. Then
(1) F(R) is a composition formation with the canonical composition definition FR such that
FR(0) = F(R) and FR(p) = F (p) for all p ∈ P.
(2) If F is normally hereditary and R is good, then F(R) is normally hereditary.
Corollary 1.1 ([14, Theorem 1]). Uc is a composition formation with the canonical composition
definition h such that h(p) = NpA(p− 1) for every prime p and h(0) = Uc.
In [28] the class wU of widely supersoluble groups was introduced. It is a hereditary satu-
rated formation of soluble groups. Recall [18] that a group is called widely c-supersoluble if its
abelian chief factors are wU-central and other chief factors are simple groups.
Corollary 1.2 ([18, Theorem A]). The class Ucw of widely c-supersoluble groups is a normally
hereditary composition formation with the canonical composition definition h such that h(p) =
Np(G|G ∈ wU ∩NpA(p− 1)) for every prime p and h(0) = Ucw.
Corollary 1.3 ([10, Theorem 2.6]). For every saturated formation F containing all nilpotent
groups with the canonical local definition F , the formation F∗ is composition with the canonical
composition definition F ∗ where F ∗(p) = F (p) for every prime p and F ∗(0) = F∗. Moreover, if
the formation F is normally hereditary, then F∗ is also normally hereditary.
In the proof of Theorem 1 we will need the following lemmas:
Lemma 1. Let H/K and M/N be G-isomorphic chief factors of G.
(a) Then they have the same generalized rank.
(b) [7, 1, 1.14] H/K ⋊G/CG(H/K) ≃M/N ⋊G/CG(M/N).
Proof. Let α : H/K → M/N be a G-isomorphism. Since H/K and M/N are isomorphic
groups, they have the same rank. Assume that x ∈ G fixes a composition factor A/B of
H/K and induces an inner automorphism aB on it. Note that α(A/B) is a composition factor
of M/N . From α(A/B)x = α(A/Bx) = α(A/B) it follows that x fixes α(A/B) and it is
straightforward to check that x induces an inner automorphism α(aB) on it. Since α−1 is also
G-isomorphism, we see that the generalized ranks of H/K and M/N are the same.
Lemma 2 ([7, 1, 1.15]). Let H be a chief factor of G. Then
(1) If F is a composition formation and F is its canonical composition definition, then H is
F-central if and only if G/CG(H) ∈ F (p) for all p ∈ pi(H) in the case when H is abelian, and
G/CG(H) ∈ F when H is non-anelian.
(2) If F is a local formation and F is its canonical local definition, then H is F-central if
and only if G/CG(H) ∈ F (p) for all p ∈ pi(H).
Lemma 3 ([7, 1, 2.6]). Let F be a solubly saturated formation. Then F = (G |G = ZF(G)).
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Recall that Cp(G) is the intersection of the centralizers of all abelian p-chief factors of G
(Cp(G) = G if G has no such chief factors). Let f be a composition definition of a composition
formation F. It is known that F = (G |G/GS ∈ f(0) and G/C
p(G) ∈ f(p) for all p ∈ pi(G)
such that G has an abelian p-chief factor).
Lemma 4 ([29, X, 13.16(a)]). Suppose that G = G1 × · · · × Gn, where each Gi is a simple
non-abelian normal subgroup of G and Gi 6= Gj for i 6= j. Then any subnormal subgroup H of
G is the direct product of certain Gi.
The following lemma directly follows from previous lemma
Lemma 5. Let a normal subgroup N of G be a direct product of isomorphic simple non-abelian
groups. Then N is a direct product of minimal normal subgroups of G.
Proof of Theorem 1. (1) From (b) and (c) of the Isomorphism Theorems [1, 2.1A] and
Lemma 1 it follows that X(R) is a formation for any class of groups X. So, F(R) is a for-
mation. Let H = CLF (FR).
Assume H \ F(R) 6= ∅. Let chose a minimal order group G from H \ F(R). Since F(R) is a
formation, G has an unique minimal normal subgroup N and G/N ∈ F(R).
Suppose that N is abelian. Then it is a p-group. Since N is H-central in G by Lemma 3,
G/CG(N) ∈ FR(p) by Lemma 2. From FR(p) = F (p) and Lemma 2 it follows that N is an
F-central chief factor of G. Hence G ∈ F(R), a contradiction.
So N is non-abelian. Note that GS ≤ CG(N) by [7, 1, 1.5]. Hence G ≃ G/CG(N) ∈
FR(0) = F(R), the contradiction. Thus H ⊆ F(R).
Assume F(R) \ H 6= ∅. Let chose a minimal order group G from F(R) \ H. Since H is a
formation, G has an unique minimal normal subgroup N and G/N ∈ H.
If N is abelian, then G/CG(N) ∈ F (p) for some p by Lemmas 2 and 3. From FR(p) = F (p)
and Lemma 2 it follows that N is H-central in G. So G ∈ H, a contradiction.
Hence N is non-abelian. It means that GS = 1. Therefore G/GS ≃ G ∈ F(R) = FR(0).
Note that N ≤ Cp(G) for all primes p. So Cp(G)/N = Cp(G/N). From G/N ∈ H it follows
that G/Cp(G) ≃ (G/N)/Cp(G/N) ∈ FR(p) for any p such that G has an abelian chief p-factor.
Therefore G ∈ H, the contradiction. So F(R) ⊆ H. Thus F(R) = H.
(2) Let F be the canonical composition definition of F, G be an F-group and 1 = N0 E
N1 E · · · E Nn = N E G be the part of chief series of G below N . Let H/K be a chief factor
of N such that Ni−1 ≤ K ≤ H ≤ Ni for some i.
If Ni/Ni−1 6∈ F, then it is a non-abelian group. According to Lemma 5 Ni/Ni−1 is a direct
product of minimal normal subgroups of N/Ni−1. Let L/Ni−1 be one of them and L1/Ni−1 be
a direct simple factor of it. Note that r(Ni/Ni−1, G) = |G : NG(L1/Ni−1)|, NG(L1/Ni−1)∩N =
NN (L1/Ni−1) and |G : NN(L1/Ni−1)| is a divisor of |G : NG(L1/Ni−1)| by [23, §1, Lemma 1].
It means that r(L/Ni−1, N) divides r(Ni/Ni−1, G) and every composition factor of L/Ni−1 is a
composition factor of Ni/Ni−1. Since R is a good generalized rank function, gr(L/Ni−1, N) ∈
R(L/Ni−1) for any chief factor L/Ni−1 of N between Ni−1 and Ni.
If Ni/Ni−1 ∈ F, then it is F-central in G. Note that H/K ∈ F.
Assume that Ni/Ni−1 is abelian. Then G/CG(Ni/Ni−1) ∈ F (p) for some p by Lemma 2.
Note that F (p) is a normally hereditary formation by [1, IV, 3.16]. Since
NCG(Ni/Ni−1)/CG(Ni/Ni−1) E G/CG(Ni/Ni−1),
we see that
NCG(Ni/Ni−1)/CG(Ni/Ni−1) ≃ N/CN(Ni/Ni−1) ∈ F (p).
From CN (Ni/Ni−1) ≤ CN(H/K) it follows that N/CN(H/K) is a quotient group of
N/CN (Ni/Ni−1). Thus N/CN(H/K) ∈ F (p). Now H/K is an F-central chief factor of N
by Lemma 2.
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Assume that Ni/Ni−1 is non-abelian. Then G/CG(Ni/Ni−1) ∈ F by Lemma 2. Hence
NCG(Ni/Ni−1)/CG(Ni/Ni−1) ∈ F. By analogy N/CN(H/K) ∈ F. So H/K is an F-central
chief factor of N by Lemma 2.
Thus every chief F-factor of N is F-central and gr(H,N) ∈ R(H) for other chief factors H
of N by Jordan-Ho¨lder theorem. Thus N ∈ F(R).
Proof of Corollaries 1.1, 1.2 and 1.3. Recall that every local formation is composition. It
is known that if F is the canonical local definition of a local formation F, then D is the canonical
composition definition of F where D(0) = F and F (p) = D(p) for all prime p.
Let R(H) ≡ ({1}, ∅). Note that R is good. Recall that the classes of all supersoluble and
widely supersoluble groups are hereditary local formations with the canonical local definitions
F (p) = NpA(p− 1) and D(p) = Np(G|G ∈ wU ∩NpA(p− 1)) (see [18, Lemma 3.2]) for every
prime p respectively. Note that Uc = U(R) and Ucw = wU(R). Now Corollaries 1.1 and 1.2
directly follows from Theorem 1.
Let R(H) ≡ (∅, {1}) and F be a hereditary local formation. Again R is good. Let H ∈ F
be an F-eccentric chief factor of an F∗-group G. Note that r(H,G) = 1 and H ⋊G/CG(H) is a
quotient of H ×H ∈ F. Thus, H is F-central in G, a contradiction. It means that F∗ = F(R).
Now Corollary 1.3 directly follows from Theorem 1.
1.2 The structure of an F(R)-group
The aim of this subsection is to obtain the characterization of an F(R)-group.
Definition 2. Let Z(G,R,F, n) be the greatest G-invariant subgroup of G such that H 6∈ F,
r(H,G) > n and gr(H,G) ∈ R(H) for every its G-composition F-eccentric in G factorH .
Let C be a set and R be a generalized rank function. We say that R(H) ⊆ C if AR(H) ∪
BR(H) ⊆ C. By R(H) ∩ C we mean (AR(H) ∩ C,BR(H) ∩ C).
Remark 1. (1) Let N and M be normal subgroups of G. According to (b) of the Isomorphism
Theorems [1, 2.1A] every G-composition factor of NM is G-isomorphic to a G-composition
factor of N or M . Hence Z(G,R,F, n) exists in every group by Lemma 1.
(2) It is clear that G ∈ F(R) iff G = Z(G,R,F, 0).
(3) If R(S) ⊆ [0, 1] for every simple group S, then Z(G,R,F, n) = ZF(G) for n > 1.
Theorem 2. Let F be a solubly saturated formation containing all nilpotent groups such that F
contains every composition factor of every F-group and R be a generalized rank function. Then
the following statements are equivalent:
(1) G is an F(R)-group.
(2) Let Z = Z(G,R,F, 4). Then gr(N/Z,G) ∈ R(N/Z) ∩ [1, 4] for every minimal normal
subgroup N/Z of G/Z and (G/Z)/Soc(G/Z) is a soluble F-group.
(3) The following holds:
(a) GF = GEF.
(b) If N E G and N ≤ GF, then (GF/N)EF = Z(G
F/N).
(c) Let n be the least number such that there is a simple non-F-section in Sn+1 and T =
GF ∩ Z(G,R,F, n). Then GF/T ≤ Soc(G/T ) and N/T 6∈ F, r(N/T,G) ≤ n and gr(N/T,G) ∈
R(N/T ) for every minimal normal subgroup N/T of G/T from GF/T .
Recall [7, p. 13] that a group is called semisimple provided it is either identity or the direct
product of some simple non-abelian groups.
Corollary 2.1 ([7, X, 13.6]). A group G is quasinilpotent if and only if G/Z∞(G) is semisimple.
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Corollary 2.2 ([10, Theorem 2.8]). Let F be a normally hereditary saturated formation con-
taining all nilpotent groups. A group G is a quasi-F-group if and only if G/ZF(G) is semisimple.
Corollary 2.3 ([22, Theorem A]). Let N ⊆ F be a saturated formation of soluble groups.
Then G ∈ Fca if and only if G
F = GS, Z(GF) ≤ ZF(G) and G
F/Z(GF) is a direct product of
G-invariant simple non-abelian groups.
Corollary 2.4 ([13, Proposition 2.4]). A group G is c-supersoluble if and only if there is a
perfect normal subgroup D such that G/D is supersoluble, D/Z(D) is a direct product of G-
invariant simple groups, and Z(D) is supersolubly embedded in G.
Corollary 2.5 ([18, Theorem B]). A group G is widely c-supersoluble if and only if GwU = GS,
Z(GwU) ≤ ZF(G) and G
wU/Z(GwU) is a direct product of G-invariant simple non-abelian groups.
Proof of Theorem 2. (1) ⇒ (2) Let G ∈ F(R), Z = Z(G,R,F, 4) and K/Z = K =
Soc(G/Z). From the definition of F(R) it follows that G = G/Z does not have minimal
normal F-subgroups. Note that r(Ki, G) ≤ 4 for every minimal normal subgroup K i of G
(i = 1, . . . , n) by the definition of Z(G,R,F, 4). Note that Ki = Ki,1 × · · · ×Ki,k is the direct
product of isomorphic simple groups and 1 ≤ k ≤ 4. Hence Aut(Ki) ≃ Aut(K i,1) ≀ Sk by [31,
1.1.20]. Note that Sk is soluble and Out(Ki,1) is soluble by Schreier conjecture. It means that
Out(K i) is soluble.
Since N ⊆ F, Φ(G) ≃ 1. Hence K = F˜(G). Recall that K = K1 × · · · × Kn. Note that
every element xZ induces an automorphism αx,i on Ki for i = 1, . . . , n. Let
ϕ : xZ → (αx,1, . . . , αx,n)
It is clear that ϕ(xZ)ϕ(yZ) = ϕ(xyZ). Also note that if ϕ(xZ) = ϕ(yZ), then y−1xZ acts
trivially on every Ki. According to [30, §7, 7.11] CG(F˜(G)) ⊆ F˜(G). So
y−1xZ ∈ ∩ni=1CG(Ki) = CG(K) = CG(F˜(G)) ⊆ F˜(G) = K.
Hence y−1xZ = 1Z. Now yZ = xZ and ϕ is injective. Hence ϕ is the monomorphism from G
to Aut(K1)×· · ·×Aut(Kn). Note that ϕ(K) = Inn(K1)×· · ·× Inn(Kn). It is straightforward
to check that
(Aut(K1)× · · · × Aut(Kn))/(Inn(K1)× · · · × Inn(Kn)) ≃ Out(K1)× · · · ×Out(Kn)
Now G/K ≃ G/K ≃ ϕ(G)/ϕ(K) can be viewed as subgroup of Out(K1)×· · ·×Out(Kn) ∈ S.
Hence every chief factor of G above K is soluble and, hence, F-central in G.
(2), (3) ⇒ (1) From (2) or (c) of (3) it follows that a group G has a chief series such that
H 6∈ F and gr(H,G) ∈ R(H) for every its F-eccentric chief factor H . By Jordan-Ho¨lder
theorem and Lemma 1 it follows that every chief series of G has this property. Thus G ∈ F.
(1) ⇒ (3) Assume now that G ∈ F(R). (a) Note that every chief factor of G above GEF
is an F-group and hence F-central in G by the definition of F(R). So ZF(G/G
EF) = G/GEF.
Therefore G/GEF ∈ F andGF ≤ GEF. From F ⊆ EF it follows that GEF ≤ GF. Thus GF = GEF.
(b) Note that HEF ≤ ZF(H) for every F(R)-group H . By [32, Corollary 2.3.1], G
F ≤
CG(ZF(G)). Hence G
F∩ZF(G) = Z(G
F). So ifN E G and N ≤ GF, then (GF/N)EF = Z(G
F/N).
(c) Let n be the least number such that there is a simple non-F-group in Sn+1 and T =
GF ∩ Z(G,R,F, n). Let N/T = N be a minimal normal subgroup of G = G/T that lies in
GF = GF/T . From the definition of Z(G,R,F, n) it follows that N 6∈ F and r(N,G) ≤ n. Note
that (GF)S ≃ 1 by N ⊆ F. Hence Φ(GF) ≃ 1. From Lemma 5 it follows that Soc(G) ∩ GF =
Soc(GF) = F˜(GF). Note that N = N 1 × · · · × Nk is a direct product of isomorphic simple
non-abelian groups. Recall that k ≤ n.
By [31, 1.1.20] Aut(N) ≃ Aut(N1) ≀ Sk. Now every subgroup of Aut(N)/N belongs EF by
the definition of n, Schreier conjecture andS ⊆ EF. The same arguments as in (1)⇒ (2) shows
that GF/F˜(GF) ∈ EF. From GF = GEF it follows that GF/F˜(GF) = GF/(Soc(G)∩GF) ≃ 1.
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Proof of Corollaries 2.1, 2.2, 2.3, 2.4 and 2.5. Note that Corollary 2.1 directly follows
from Corollary 2.2.
Let R(H) ≡ (∅, {1}) and G ∈ F∗. Then F(R) = F∗ and Z = Z(G,R,F, 4) = ZF(G).
According to (1) of the proof of Theorem 2 (G/Z)/Soc(G/Z) is isomorphic to a subgroup of
the outer automorphisms group of Soc(G/Z) induced by G. Note that in this case G induces
inner automorphism groups on every minimal normal subgroup of G/Z. It means that G/Z ≃ 1.
Thus Corollary 2.2 is proved.
Let F be a hereditary saturated formation, N ⊆ F ⊆ S and R(H) ≡ ({1}, ∅). Then
F(R) = Fca. Note that EF = S. Let n be the least number such that there is a simple non-F-
section in Sn+1. It is clear that n = 4. So Z(G,R,F, n) = ZF(G). Now G
F ∩ Z(G,R,F, n) =
GF ∩ ZF(G) ≤ (G
F)EF. Thus Corollary 2.3 directly follows from (3) of Theorem 2.
Note that the class of all widely c-supersoluble groups Ucw = (wU)ca. So Corollary 2.5
directly follows from Corollary 2.3.
Recall that a normal subgroup H of a group G is supersoluble embedded iff H ≤ ZU(G);
EU = S and (GS)′ = GS. Now Corollary 2.4 directly follows from Corollary 2.3.
1.3 On one question of L.A. Shemetkov
The main result of this section that makes the contribution to the solution of Question 1 is:
Theorem 3. Let F be a hereditary saturated formation containing all nilpotent groups, m be
a natural number with G{q∈P | q≤m} ⊆ F, R be a very good generalized rank function such that
R(N) ⊆ [0, m] for any simple group N . Then the following statements are equivalent:
(1) ZF(G) = IntF(G) holds for every group G and
⋃m
n=1(Out(G) ≀ Sn |G 6∈ F is a simple group and n ∈ AR(G)) ⊆ F.
(2) ZF(R)(G) = IntF(R)(G) holds for every group G.
Corollary 3.1 ([27, Theorem 1]). Let F be a hereditary saturated formation containing all
nilpotent groups. Then IntF(G) = ZF(G) holds for every group G if and only if IntF∗(G) =
ZF∗(G) holds for every group G.
Corollary 3.2. Let R be a very good generalized rank function. Then ZN(R)(G) = IntN(R)(G)
holds for every group G if and only if for any simple non-abelian group N holds:
(1) R(N) ⊆ [0, 2];
(2) if 1 ∈ AR(N), then Out(N) is nilpotent;
(3) if 2 ∈ AR(N), then Out(N) is a 2-group.
Example 2. Let F1 (resp. F2) be a class of groups whose abelian chief factors are central
and non-abelian chief factors are arbitrary (resp. are directs products of at most 2 alternating
groups). Then ZN∗(G) = IntN∗(G) and ZF2(G) = IntF2(G) hold for every group G and there
exist groups G1 and G2 with ZNca(G1) 6= IntNca(G1) and ZF1(G2) 6= IntF1(G2).
It is important to mention that if ZF(R)(G) = IntF(R)(G) holds for every group G, then R
is bounded:
Theorem 4. Let F 6= G be a hereditary saturated formation containing all nilpotent groups
and R be a very good generalized rank function.
(1) Assume that ZF(R)(G) = IntF(R)(G) holds for every group G. Let
C1 = min
G∈M(F) with F(G)=F˜(G)
max
M is a maximal subgroup of G
|M | − 1.
Then R(S) ⊆ [0, C1] for every simple group S 6∈ F.
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(2) Let
C2 = max {m ∈ N |G{q∈P | q≤m} ⊆ F}.
If R(S) ⊆ [0, C2] for every simple group S 6∈ F, then gr(H,G) ∈ R(H) for every G-composition
factor H 6∈ F below IntF(R)(G).
Recall [31, 3.4.5] that every solubly saturated formation F contains the greatest saturated
subformation Fl with respect to set inclusion.
Theorem 5 ([31, 3.4.5]). Let F be the canonical composition definition of a non-empty solubly
saturated formation F. Then f is a local definition of Fl, where f(p) = F (p) for all p ∈ P.
The following result directly follows from Theorems 1 and 5.
Proposition 1. Let F be a local formation containing all nilpotent groups andR be a generalized
rank function. Then F(R)l = F.
In the view of Theorem 5 A.F. Vasil’ev asked if it is possible to reduce Question 1 for solubly
saturated formations to the case of saturated formations. Recall that D0X is the class of groups
which are the direct products X-groups. Partial answer on A.F. Vasil’ev’s question is given in
Theorem 6. Let F be the canonical composition definition of a non-empty solubly saturated
formation F. Assume that F (p) ⊆ Fl for all p ∈ P and Fl is hereditary.
(1) Assume that IntFl(G) = ZFl(G) holds for every group G. Let
H = (S is a simple group | every F-central chief D0(S)-factor is Fl-central).
Then every chief D0H-factor of G below IntF(G) is Fl-central in G.
(2) [27, Theorem 3] If IntF(G) = ZF(G) holds for every group G, then IntFl(G) = ZFl(G)
holds for every group G.
Proof of Theorem 6. From F (p) = NpF (p) ⊆ Fl and Theorem 5 it follows that if we restrict
F to P, then we obtain the canonical local definition of Fl.
(1) Let H = H/K be a chief D0H-factor of G below IntF(G).
(a) If H is abelian, then MCG(H)/CG(H) ∈ F (p) for every F-maximal subgroup M of G.
If H is abelian, then it is an elementary abelian p-group for some p and H ∈ F. LetM be an
F-maximal subgroup of G and K = H0 E H1 E · · · E Hn = H be a part of a chief series of M .
Note that Hi/Hi−1 is an F-central chief factor of M for all i = 1, . . . , n. So M/CM(Hi/Hi−1) ∈
F (p) by Lemma 2 for all i = 1, . . . , n. Therefore M/CM(H) ∈ NpF (p) = F (p) by [14, Lemma
1]. Now
MCG(H)/CG(H) ≃ M/CM(H) ∈ F (p)
for every F-maximal subgroup M of G.
(b) If H is non-abelian, thenMCG(H)/CG(H) ∈ F (p) for every F-maximal subgroupM ofG.
If H is non-abelian, then it is a direct product of isomorphic non-abelian simple groups.
Let M be an F-maximal subgroup of G. By Lemma 5, H = H1 × · · · × Hn is a direct
product of minimal normal subgroups H i of M = M/K. Now H i is F-central in M for all
i = 1, . . . , n. Hence H i is Fl-central in M for all i = 1, . . . , n by the definition of H. Therefore
M/CM(H i) ∈ F (p) for all p ∈ pi(H i) by Lemma 2. Note that CM(H) = ∩
n
i=1CM(H i). Since
F (p) is a formation,
M/ ∩ni=1 CM(H i) =M/CM(H) ∈ F (p)
for all p ∈ pi(H). It means that MCG(H)/CG(H) ≃M/CM(H) ∈ F (p) for every p ∈ pi(H) and
every F-maximal subgroup M of G.
(c) All Fl-subgroups of G/CG(H) are F (p)-groups for all p ∈ pi(H).
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Let Q/CG(H) be an Fl-maximal subgroup of G/CG(H). Then there exists an Fl-maximal
subgroup N of G with NCG(H)/CG(H) = Q/CG(H) by [7, 1, 5.7]. From Fl ⊆ F it follows that
there exists an F-maximal subgroup L of G with N ≤ L. So
Q/CG(H) ≤ LCG(H)/CG(H) ∈ F (p) for all p ∈ pi(H)
by (a) and (b). Since F (p) is hereditary by [1, IV, 3.16], Q/CG(H) ∈ F (p). It means that all
Fl-maximal subgroups of G/CG(H) are F (p)-groups. Hence all Fl-subgroups of G/CG(H) are
F (p)-groups.
(d) H is Fl-central in G.
Assume now that H is not Fl-central in G. So G/CG(H) 6∈ F (p) for some p ∈ pi(H) by
Lemma 2. It means that G/CG(H) contains an s-critical for F (p) subgroup S/CG(H). Since
IntFl(G) = ZFl(G) holds for every group G, S/CG(H) ∈ Fl by [24, Theorem A]. Therefore
S/CG(H) ∈ F (p) by (c), a contradiction. Thus H is Fl-central in G.
Proof of Theorem 4. (1) Since ZF(R)(G) = IntF(R)(G) holds for every group G, we see that
ZF(G) = IntF(G) holds for every group G by Theorem 4 and Proposition 1.
(a) There is G ∈M(F) with F(G) = F˜(G).
From F 6= G it follows that there exist F (p)-critical groups for some p. Let N be the
minimal order group among them. Then Op(N) = 1 and N has the unique minimal normal
subgroup. Note that N ∈ F by [24, Theorem A]. There exists a simple FpN -module M which
is faithful for N by [1, 10.3B]. Let G = M ⋊ N . Note that M = F(G) = F˜(G) and G 6∈ F.
From F (p) = NpF (p) it follows that G ∈M(F).
(b) If G ∈M(F) with F(G) = F˜(G), then G 6∈ F(R) for any generalized rank function R.
Since F is saturated, we see that G/Φ(G) ∈M(F). Note that G/Φ(G) has a unique minimal
normal subgroup N/Φ(G) and N/Φ(G) is an abelian F-eccentric chief factor of G. From N ⊆ F
and the definition of F(R) it follows that G 6∈ F(R) for any generalized rank function R.
(c) Let G ∈ M(F) with F(G) = F˜(G), m be the greatest number among orders ofmaximal
subgroups ofG, S be a simple groupwithm ∈ R(S) andT = S≀regG. Then ZF(R)(T ) 6= IntF(R)(T ).
Let N be the base of T and M be an F(R)-maximal subgroup of T . Note that MN/N ∈
F(R) is isomorphic to some subgroup of G 6∈ F(R). Let K be a maximal subgroup of G.
Then K ∈ F. Let show that NK ∈ F(R). From the properties of wreath product it follows
that N is the direct product of |G : K| minimal normal subgroups of rank |K| of NK and if
some element on NK fixes a composition factor of some of these subgroups, then it induces an
inner automorphism on it. It means that NK ∈ F(R). Hence N ≤ IntF(R)(T ). Assume that
N ≤ ZF(R)(T ). So T/CT (N) ∈ F(R). Then G 6∈ F(R) is isomorphic to a quotient of T/CT (N),
a contradiction. Hence N is an F(R)-eccentric chief factor of T .
(d) The final step.
From (c) it follows that if
min
G∈M(F) with F(G)=F˜(G)
max
M is a maximal subgroup of G
|M | ∈ R(S) for some simple group S 6∈ F,
then there is a group T with ZF(R)(T ) 6= IntF(R)(T ). The contradiction to ZF(R)(G) = IntF(R)(G)
holds for every group G.
(2) Let pi = {q ∈ P | q ≤ C2} andH = H/K 6∈ F be aG-composition factor below IntF(R)(G).
Then H = H1 × · · · ×Hn is the direct product of isomorphic simple groups. Let T/K = T =
∩ni=1NG(H i).
Let M be an F(R)-maximal subgroup of G. Then H/K ≤ M/K = M ∈ F(R). Since H
is non-abelian it is the direct product of minimal normal subgroups of M by Lemma 5. Let
N i = N i,1 × · · · × N i,k be one of them and T i = ∩
k
j=1NM(N i,j). Then M/T i is isomorphic to
a subgroup of the symmetric group of degree k by [31, 1.1.40(6)]. From k ≤ C2 it follows that
M/T i ∈ Gpi. Since Gpi is a formation, we see that MT/T ≃M/ ∩i T i ∈ Gpi.
10
From N ⊆ F it follows that every element of G lies in some F(R)-maximal subgroup of G.
Hence G/T ≃ G/T ∈ Gpi and this group is isomorphic to a transitive group of permutations
on {H1, . . . , Hn}. According to [7, 1, 5.7] there is a pi-subgroup L of G with LT = G. Note
that L ∈ F. Hence there is an F(R)-maximal subgroup Q of G with L ≤ Q. So LH ≤ Q. Now
H/K is a minimal normal subgroup of Q/K. Therefore m = r(H,G) = gr(H,Q) ∈ R(H).
If m ∈ AR(H), then we are done. Assume that m ∈ BR(H). Now for every x ∈ G, there is
a F(R)-maximal subgroup P of G with x ∈ Q. So H/K is a direct product of minimal normal
subgroups of Q/K. Since R is very good generalized rank function, if x fixes a composition
factor of H, then it induces an inner automorphism on it. Thus gr(H,G) ∈ R(H).
Proposition 2. Let F be a hereditary saturated formation containing all nilpotent groups and
R be a very good generalized rank function. Then ZF(R)(G) ≤ IntF(R)(G).
Proof. Let F be a hereditary saturated formation with the canonical local definition F , M be
an F(R)-maximal subgroup of G and N =MZF(R)(G). Let show that N ∈ F(R). It is sufficient
to show that H/K 6∈ F and gr(H/K,G) ∈ R(H/K) for every F-eccentric chief factor H/K of
N below ZF(R)(G).
Let 1 = Z0 E Z1 E · · · E Zn = ZF(R)(G) be a chief series of G below ZF(R)(G). Then we
may assume that Zi−1 ≤ K ≤ H ≤ Zi for some i by the Jordan-Ho¨lder theorem. Note that
(Zi/Zi−1)⋊G/CG(Zi/Zi−1) ∈ F(R).
Hence if Zi/Zi−1 6∈ F, then gr(Zi/Zi−1, G) ∈ R(Zi/Zi−1) and Zi/Zi−1 is non-abelian. Note
that every composition factor of H/K is a composition factor of Zi/Zi−1 and R is a very good
generalized rank function. Hence gr(H/K,N) ∈ R(H/K).
If Zi/Zi−1 ∈ F, then it is an F-central chief factor of (Zi/Zi−1) ⋊ G/CG(Zi/Zi−1). In this
case G/CG(Zi/Zi−1) ∈ F (p) for all p ∈ pi(Zi/Zi−1) by Lemma 2. Since F (p) is hereditary by
[1, IV, 3.16]
NCG(Zi/Zi−1)/CG(Zi/Zi−1) ≃ N/CN(Zi/Zi−1) ∈ F (p)
for all p ∈ pi(Zi/Zi−1). Note that N/CN(H/K) is a quotient group of N/CN (Zi/Zi−1). Thus
H/K is an F-central chief factor of N by Lemma 2.
Hence N ∈ F(R). So N = MZF(R)(G) = M . Therefore ZF(R)(G) ≤ M for every F(R)-
maximal subgroup M of G.
Proof of Theorem 3. (1)⇒ (2). Suppose that ZF(G) = IntF(G) holds for every group G and
⋃m
n=1(Out(G) ≀ Sn |G 6∈ F is a simple group and n ∈ AR(G)) ⊆ F.
Let show that IntF(R)(G) = ZF(R)(G) also holds for every group G. Let H = H/K be a chief
factor of G below IntF(R)(G) and G = G/K. Note that G/CG(H) ≃ G/CG(H).
(a) If H ∈ F, then it is F(R)-central in G.
Directly follows from Theorem 6, (3) of Definition 1 and F ⊆ F(R).
(b) If H 6∈ F, then gr(H,G) ∈ R(H).
Directly follows from (2) of Theorem 4
(c) If H 6∈ F and n = r(H,G) ∈ AR(H), then H is F(R)-central in G.
Recall that G/CG(H)H is isomorphic to a subgroup of Out(H) and H = H1 × · · · ×Hn is
the direct product of isomorphic simple groups. So G/CG(H)H is isomorphic to a subgroup
of Out(H i) ≀ Sn ∈ F. Since F is hereditary, G/CG(H)H ∈ F. Now G/CG(H) ∈ F(R) by
Jordan-Ho¨lder theorem and the definition of F(R). So H is F(R)-central in G by Lemma 2.
(d) If H 6∈ F and n = r(H,G) ∈ BR(H), then H is F(R)-central in G.
Now H = H1×· · ·×Hn is the direct product of isomorphic simple groups and every element
of G that fixes some H i induces an inner automorphism on it. Hence HCG(H) = ∩
n
i=1NG(H i).
According to [31, 1.1.40(6)] G/CG(H)H is isomorphic to a subgroup of Sn. From G{q∈P | q≤m} ⊆
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F and n ≤ m it follows that Sn ∈ F. Since F is hereditary, we see that G/CG(H)H ∈ F.
Now G/CG(H) ∈ F(R) by Jordan-Ho¨lder theorem and the definition of F(R). Thus H is
F(R)-central in G by Lemma 2.
(c) ZF(R)(G) = IntF(R)(G).
From (a) (c) and (d) it follows that IntF(R)(G) ≤ ZF(R)(G). By Proposition 2, ZF(R)(G) ≤
IntF(R)(G). Thus ZF(R)(G) = IntF(R)(G).
(2)⇒ (1). Assume that ZF(R)(G) = IntF(R)(G) holds for every group G. Now F(R)l = F by
Proposition 1. Hence ZF(G) = IntF(G) holds for every group G by (2) of Theorems 6 and 1.
Assume that G 6∈ F is a simple group, n ∈ AR(G). Let T = Aut(G) ≀ Sn and M be an
F(R)-maximal subgroup of T . Note that T has a unique minimal normal subgroup N which is
isomorphic to the direct product of copies of G and r(N, T ) = n.
Let L = NM . Then N is a direct product of minimal normal subgroups Ni of L. Since R
is very good generalized rank function, we see that n ≥ r(Ni, L) ∈ R(Ni). From L/N ≃ M ∈
F(R) it follows that L ∈ F(R). So M = L. It means that N ≤ IntF(R)(T ) = ZF(R)(T ). Hence
T/CT (N) ≃ T ∈ F(R). Thus T/N ≃ Out(G) ≀ Sn ∈ F(R). From G{q∈P | q≤m} ⊆ F it follows
that Sn ∈ F. Note that Out(G) is soluble by Schreier conjecture. Hence (T/N)
EF ≃ 1. Now
T/N ∈ F by point (a) of (3) of Theorem 2.
Proof of Corollary 3.1. Let R(S) ≡ (∅, 1). It is clear that R is very good. Recall that
F∗ = F(R). Now Corollary 3.1 directly follows from Theorem 3.
Proof of Corollary 3.2. Assume that ZN(R)(G) = IntN(R)(G) holds for every group G.
Note that if every maximal subgroup of a noncyclic group G is a 2-group, the G is nilpotent.
From S3 ∈M(N) with F(S3) = F˜(S3) it follows that
C1 = min
G∈M(N) with F(G)=F˜(G)
max
M is a maximal subgroup of G
|M | − 1 = 2.
Let N be a simple non-abelian group. Then R(N) ⊆ [0, 2] by Theorem 4. If 1 ∈ AR(N)
(resp. 2 ∈ AR(N)), then Out(N) (resp. Out(N) ≀ S2) is nilpotent by Theorem 3. Note that
if |Out(N)| has an odd prime divisor p, then Out(N) ≀ S2 contains a non-nilpotent dihedral
subgroup with 2p elements. So if Out(N) ≀ S2 is nilpotent, then it is a 2-group.
Assume now that for any simple non-abelian groupN holds: R(N) ⊆ [0, 2] and if 1 ∈ AR(N)
(resp. 2 ∈ AR(N)), then Out(N) is nilpotent (resp. a 2-group). Note that N2 ⊆ N. Then
ZN(R)(G) = IntN(R)(G) holds for every group G by Theorem 3.
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